1) Prove the followings by induction or otherwise:
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" 2n T +/3n+1
e 3" has tenth digit even for all natural numbers n.

2) Let {u,},»1 be a sequence of real numbers defined as u; = 1

1 3
and U, = u, + — for all n > 1. Prove that u,, < %ﬁ for all n.
n

3) Rahul and Rohit just became friends with Neha and they
want to know when her birthday is. Neha gives them a list of
possible dates,

May 15|May 16|June 17|June 18|July 14|July 16|July
19|Aug 14|Aug 15|Aug 17

Neha then tells Rahul and Rohit separately the month and
date of her birthday respectively.

Rahul: T don't know when Neha's birthday is, but T know that
Rohit doesn't know also.



Rohit: At first, I don't know when Neha's birthday is, but T
know now.

Rahul: Then I also know when it is.

So, when is Neha's birthday?

4) A series is formed in the following manner:

A(1) = 1; and A(n) = f(m) number of f(m) followed by f(m)
number of O; where m is the number of digits in A(n — 1) and
f(m) is the remainder when m is divided by 9. Find sum of
digits of A(30).



Problem Set 2
30.5.23

1)Prove that 3™ has tenth digit even for all natural
humbers n.

[Hint: Think about the cyclicity of 3]

2) Find all possible n, k € N, such that
11+214+31+4! + -+ nl =k?
[Hint: Check for n = 1,2,3,4 etc. then for the next

numbers, try to conclude something from the last digit
of 1!+ 2!+..+n!]

3)Prove that 5|32008 4 42009

4)K = 13017 4 23017 4 ... 4+ 2003°17, prove that 201|K. Then
prove that 200|K. Can you conclude 40200|K? If yes, why?



Problem Set 3

6.6.23

— _ : J
1) /log, n = log, vVn and blog, n = log, bn, then the value of n is equal to o

where j and k are coprime. Whatis j + k =?
2)d = gcd(n? + 20, (n + 1)% + 20),n € N. Prove that d|81.
3)d, =gcd(n®+n?2+1,n3+n+1),n €N, find djzo010.

4) In a page, there are 10 statements. First statement says, exactly 1 of the 10
statements is false. Second statement says, exactly 2 is false....and so on. The
tenth statement says that all are false. Prove that-

a) Exactly one statement is correct.
b) Hence find which one is correct.

5) Five sailors survive a shipwreck and swim to a tiny island where there is nothing
but a coconut tree and a monkey. The sailors gather all the coconuts and put them
in a big pile under the tree. Exhausted, they agree to go to wait until the next
morning to divide up the coconuts.

At 1 o’clock, the 1% sailor divides the coconuts into 5 piles, but 1 coconut is left
over. He gives that to the monkey, hides his coconuts and puts the rest of the
coconuts under the tree.

At 2 o’clock, the 2" sailor wakes up. Not realising that the 1% sailor has already
taken his share, he too divides the coconuts up into 5 piles, leaving one coconut
over, which he gives to the monkey. He then hides his share and puts the
remainder back under the tree. At 3,4,5 o’clock, the same process is carried on. In
the morning, all wake up and try to look innocent. None makes a remark about
the diminished pile of coconuts and none decides to be honest and admit that
they have already taken their share. Instead, they divide the pile up into 5 piles,
for the 6! time, and find there is yet again one over

What is the smallest number of coconuts that there could have been in the
original pile?



Problem Set 4
13.6.23

1) Prove that n° + 4n is divisible by 5 for any integer n.

2)p,q, 7 €N, all greater than 3, such thatq —p = r — q. Prove
that g — p is divisible by 6.

3)p; = 2,p, = 3,p3 = largest prime factor of (p1p, +

1) = 7,p, = largest prime factor of (p1p,ps; +1) = 43.1n
general, p,, = largest prime factor of (P10 ... .Pn_1 +
1)vn = 3. Prove that p,, # 5Vn € N

4) 1.S.1. entrance U.G.A paper consists of 30 questions. The
marks are awarded in such a way that if a person gets a
question correct, he gets +4 marks, but if he does it wrong, he
gets 0 marks and if doesn’t attend the question he gets +1
marks. Find all possible numbers that a student can get in the
U.G.A paper.



Problem Set 5
20.6.23

1) a,b,c € N,6|(a + b + ¢), prove that 6|a>® + b3 + ¢3

2) The natural numbers x, y and z satisfy the equation x? + y? = z2,

Prove that at least one of them is divisible by 3.

3) Let «.b,¢ be positive real numbers such that:ah — ¢ = 3

ith

abe = 18 Calculate the numerical value of ¢

4)

If a, = 3, flnd a2023.

5)If2 =p; <p, < < p,, Where each p; is prime, show that
p1D> ... Pn + 1 can never be a perfect square.

. o\ : 11
6) There is a positive real number a not equal to either 2 or 2 such that
1080, (22) = log,,(202¢).The value 192, (22%) can be written as 1©%10(%)
, Where m and n are relatively prime positive integers. Find m -+ n.



Problem Set 6
27.6.23

1) Find the last digit of the number 77" .

2) Find the remainder when the number 31987 js divided by 7.

V45 +VT+(45+V2+ .../ 45+1/2024

3) Slmpllfy'\/45_ﬁ+\/45_\/§+--- ...... \WM




Problem Set 7
7.7.23

1) Let r be the root of equation x? + 2x + 6. The value of (r + 2)(r +
3)(r+4)(r+5) =a.Finda + 200.

2)Find the remainder when the number 1989.1990.1991 + 19923 is
divided by 7.

3)Prove that 2222°%5° 4+ 55552222 js djvisible by 7.



Problem Set 8
15.7.23

1) Given that p,p + 10 and p + 14 are prime numbers, find p

2) Prove that there are no natural numbers a and b such that a? —
3b% = 8.

3) Prove that the sum of squares of 5 consecutive numbers can’t be a
perfect square.

Note: While dealing with problems about cubes of integers, it is often
useful to analyze remainders modulo 7 or modulo 9. In either case
there are only three possible remainders {0,1, 6} and {0, 1, 8}
respectively.

4) Given the pair of prime numbers p and p? + 2, prove that p3 + 2 is
also a prime number. [Hint: Think when can this happen!]

5) Find p such that p, 4p? + 1,6p? + 1 all are prime.

6) Definea = p3 + p? + p + 11 and b = p? + 1, where p is any prime
number. Let d = gcd (a, b). Find the possible values of b.

7) Suppose axy + by = d, where d = gcd (a, b). Is (xg, yo) unique?
8) Find the remainder when 21990 is divided by 1990.

k> 2k3
9) Provethat—+ +__EEZ Vk €N

10) If; + E + Z + E = 1,then a, b, ¢, d four can’t be odd simultaneously.



Problem Set 9

21.7.23
1) Suppose axy + by, = d, where d = gcd (a, b). Is (xg,Y) unique?

2) Find the remainder when 21990 is divided by 1990.

3
3) Provethat—+ +&—1TSEZ Vk € N

4) If; + Z + Z + Z = 1,then a, b, ¢, d four can’t be odd simultaneously.

5) k is a number which gives remainder 4 when divided by 9. Then find
the number of solutions of x3 + y3 + z3 = k.

6) Find the least possible value of a + b, where a, b are positive integers
such that 11 divides a + 13b and 13 divides a + 11b.

7) N =13 X 17 X 41 X 829 X 56659712633. It is known that N is a 18
digit number with 9 of the ten digits from 0 to 9 each appearing twice.
Find the sum of the digits of N.

8) Let a4, a,, as, .. an be positive integers which satisfies a; < a, <

az; < - <a, and — + 2 Ly ” Lt a_n = 1. Find a general method to

find a tuple (a4, az, .... 4y satisfying the above property.



Problem Set 10
8.8.23

1) Let a and b be natural numbers such that a + b,a — 2b,2a — b are
all distinct squares. What can be the smallest possible value of b?

2) Vn € N, let s(n) = number of ordered pairs (x, y) of positive

. .1 011 . e
integers for which o +-= - Determine the set of positive integers for

y
which s(n) = 5.

1 — 1 1
NA=352, (x"+ =) and B =12, (x57% + ) If x 45 =

4,then find g




Problem Set 11
29.8.23

1) Prove that there exists a natural number n suchthatn + 1,n +
2,...,n+ 2023 all are composite.

2) Find the remainder when the number 32923 js divided by 7.

3) Show that the quadratic equation x> + 7x — 14(q® + 1) = 0(q € Z)
has no integral root.

4) Suppose a, b are integers and a + b is a real root of x2 + ax + b = 0,
what is the maximum possible value of h??

5) Consider all non-empty subsets of the set {1,2,...,n}. For every such
subset, we find the product of reciprocals of each of its elements.

Denote the sum of all these products by §,,. For example, 53 = % + % +
stiatistas T

A) Show that S, = =+ (1+2) S, 1.
B) Prove using (A) that S,, = n.



Problem Set 12
5.9.23

1) Let the divisorsof nbe 1 =d; < d, < -+ < dj, =n.Dis euler’s
totient function and ¢ is null set. Let us define the following set N,, =
{1,2,..,n}and §; = {x:x € N, and gcd(x,n) =d;} Vi = 1,2, ..., k.

i) Prove that §;’s are mutually disjoint, i.e., $; N S; = ¢, if i # J.

ii) Prove that, |S;| = @ (dﬁ)

k
iit) Prove that | J._, S; = Ny.

iv) Hence, prove that @(d,) + @(d,) + --- + @(dy) = n.

2) Let n be a natural number. Let a(n) be the sum of divisors of n.

i) Prove that @(x) < x for any natural number x.

ii) From the first question, we know that @(d,) + @(d,) + --- +
@(d;) = n. Now use the 1% part of question 2 to prove that @(n) +
o(n) = 2n

3) Determine all positive integers n such that the product of digits of n

equals n? — 15n — 27.

4) Consider the series 50 + n?%:51,54,59,66,75 ... ... ... If we take the
greatest common divisor of 2 consecutive terms in the series, we obtain
3,1,1,3.....What is the sum of all distinct elements in the 2" series?

5) Let n = 231 x 3%, How many divisors of n? are less than n but do
not divide n.

6) Let p;1, p,, p3 be primes with p, # p3, such that 4 + p;p, and 4 +
p1p3 are perfect squares. Find all possible values of p4, p5, p3



Problem Set 13
26.9.23

Number Theory Compiled Problems

\y/lntegers a, b, csatisfya+b —c =1,a®> + b?> — c? = —1. Then
what is sum of all possible distinct values of (a? + b? + ¢?)?
2) ket a and b be natural numbers such thata + b,a — 2b,2a — b
are all distinct squares. What can be the smallest possible value of
b?
.\?)/Iéind the least possible value of a +
b,where a, b are positive integers such that 11 divides a +
13b and 13 divides a + 11b.
4) Let f: N — N such that f(f (n)) = no. of divisors of n. Prove that if
p is a prime, then f(p) is a prime. (**)
5Yp, = 2,0, = 3,p3 = largest prime factor of (p1p, + 1) =
7,04 = largest prime factor of (p;p,p3 + 1) = 43. In general,
pn, = largest prime factor of (p1p; ....Pp—1 + 1)Vn =
3.Prove that p, # 5Vn € N
f/) how that the quadratic equation x? + 7x — 14(g?> + 1) = 0(q €
) has no integral root.

) N =13 X 17 X 41 X 829 X 56659712633. It is known that N is a
18 digit number with 9 of the ten digits from 0 to 9 each
appearing twice. Find the sum of the digits of N. [Hint: If nis a
natural number, prove that n — sum of digits of n is always
divisible by 9.]

8) n € N, n has k divisors. d; < d, < -- < dj and dé + dZ = 2n +
1 Find k and n. (**)
9) Solve: y? = x3 + 7, solve for x, y integers. (**)



10) Vn € N, let s(n) = number of ordered pairs (x, y) of positive

. .1 11 . e
integers for which - +—-= - Determine the set of positive integers

y
for which s(n)=5.

11) Prove that 2™ t n!'vn € N

10,000,000
n=2

13Yg(x) = (4a — 3d)x> + (4b — 3e)x* + (4c — 3f)x3 +

(4d — 3a)x? + (4e — 3b)x + (4f — 3c). We define the function
g(x) as above where a, b, ¢, d, e, f are single digit natural numbers
independent of x. If g(10) = O, thenfinda + b + ¢ + d + e +
f. [Hint: Think in terms of numbers]

12) Determine the last three digits of ). (n” +n®)

14) 2™ + 3™ = q?. Solve for m, n, a being natural numbers (**)

15) Let a, b, ¢, d be distinct digits such that product of the 2 digit
numbers ab and cd is of the form ddd. Find all possible values of
a+b+c+d?

16) Prove that there exist 100 consecutive natural numbers, such
that exactly 3 of them are primes. (*)

17) Consider the sequence {101,10101,1010101,101010101, ... }.
How many primes are present in the sequence?

18)n € N,n has k divisors.1 =d; < d, < - ....d} =
n.Given di3 + di4 + di5 = n.Find k.

19) A =320, (x” + xin) and B = Y19, (x5”‘2 + xsi_z) Jf x +

2= 4,then find %

X

\?{Consider the series 50 + n%:51,54,59,66,75 ... ... ... If we take
the greatest common divisor of 2 consecutive terms in the series, we



obtain 3, 1, 1, 3.......... What is the sum of all distinct elements in the
2" series?

21) A series is formed in the following manner:

A(1) =1; and A(n) = f(m) number of f(m) followed by f(m)
number of 0; where m is the number of digits in A(n — 1) and f(m)
is the remainder when m is divided by 9. Find sum of digits of A(30)

22) x € RY, {x lx[x[xj]“ = 88, then |7x] =? (*)

23) Find the last non-zero digit of 2022! (*)

24) Consider the following number:
258145266804692077858261512663
It is the 13™ power of some natural number. Find the number.

25) Let a4, ay, ... .... a, be integers. Show that there exist integers k
and r such that the sum a, + axy1 + -+ + ary, is divisible by n

26) Let S be the set of all positive integers n such that n and n+1
have exactly four divisors and have their divisors add to the same value.
Let m be the number of elements in S and b the sum of these m
elements. Find m and b.

27) Let x,, denotes the nt" non square positive integer. Then x; =
2,x, = 3,x3 = 5,x, = 6 etc. For a positive real number x, denote the
integer closest to it by <x> If x=m+0.5, where m is an integer, then

<x>=m. Eg. <1.2> =1, <2.8> = 3, <3.5> = 3. Show that x,, = n+< +Vn >

28) A corona sequence is an increasing sequence of 16 consecutive
odd integers whose sum is a perfect cube. How many corona sequences
are there with 3 digit numbers only?

29) Let P(x) be the polynomial when (x + 7)1 is divided by
(x2 — x — 1). Now find the remainder when P(x) is divided by 11



\/G')/Let ag, a,, a3, . an be p05|t|ve integers which satisfies a; < a, <
1
az; < - <a, and — + L+ 2+ .2 =1Finda general method to
a as an
find a tuple (a4, az, .... 4y satisfying the above property.

yConsider all non-empty subsets of the set {1,2, ..., n}. For every
s¥ch subset, we find the product of reciprocals of each of its elements.

Denote the sum of all these products by §,,. For example, S; = % + % +

1 1 1
—+—+—+—+—
1.2 1.3 2.3 1.2.3

A) Show that S, = = + (1 + ) Sy,

B) Prove using (A) that S, =n.
C) Prove not using (A) that S,, = n. (*)

32) Find all positive integers n such that 5™ + 1 is divisible by 7

33) Calculate {%} + {%a} + {%a} + -+ {(p_pl)a} where p is a prime

and a is natural number such that p does not divide a.

2 Y
34) Y1 1([ J l J) AL (EJ — lnTl )=B,wherenisa
natural number. Prove that number of divisor is A, and sum of divisors

of nis A%B

35) Find the three-digit positive integer & b ¢ whose representation in
base nine is 2 € &.i.., where a, b, and ¢ are (not necessarily distinct)
digits.

\/36) d = gcd(n? + 20,(n + 1)2 + 20),n € N. Show that d|81
M) d, = gcd(n® + n? + 1,n° + n+ 1),n € N.Find d52022.

38) Let p be a prime number bigger than 5. Suppose the decimal
expansion of% looks like 0.a;a, ... a,- where the line denotes a



recurring decimal. Prove that 10" leaves a remainder of 1 on dividing
by p.

39) Is a there any natural number n such that when n! written in base
ten will end with exactly 2022 zeros?

40) Prove that every positive rational number can be expressed
uniquely as a finite sum of the form

a, as
__l__

I TREY

a
4ot _"’
n!

Where a,, areintegerssuchthat 0 <a, <n—1vVn > 1 (*¥)

41) Let n = 2 be an integer. Let m be the largest integer which is less
than or equal to n, and which is a power of 2. Put [,,= least common

multiple of 1,2,...,n. Show that %‘ is odd, and that for every integer k <

Ly . 1 1 1,
nk #+ m,;n is even. Hence, prove that 1 + p + 3 + -+ —ls not an
integer

42) For any positive integer n,and i =1, 2, let f;(n) denote the
number of divisors of n of the form 3k + i (including 1 and n). Define, for
any positive integer n, f(n) = f;(n) — f,(n).Find the value of

f(52022):f(212022)-

43) Find all the possible two-digit numbers ab such that ab =
4(a! + b!), where ab is the number whose first digit is a and second
digit is b.

44) If \/log, n = log, vn and blog, n = log, bn, then the value of n

is equal to é, where j and k are relatively prime. What is j + k?

45) Find number of pairs of primes (p, q) for whichp — g and pg —
q are both perfect squares.



Problem Set 14

31.10.23
1) Let P(x) = a,x™ + a,_;x" 1 + --- a5 be a polynomial of degree n
with real coefficients agy, a4, ... ... ... a, such that a,, = 1 and al-2 = 1fori
=0,1,2,.......,(n-1). Suppose all the roots ¢y, ¢5, €3 ... v.. ... c,of the

equation P(x)=0 are integers. Find ¢ + c% + -+ ¢2. Hence find all such
polynomials P(x).

2) Find all positive integers a, b such that each of the equations x? —
ax + b = 0 and x? — bx + a = 0 has distinct positive integral roots.
3) f(x) is a degree 4 polynomial satisfy f(n) = %for n=1,2,3,4,5. If
f(0) = %,(a and b are co-prime positive integers), then a+b =?

4) Find the number of real solutions of the equation: (x-1)(x-3)......... (x-
2021)=(x-2)(x-4)......... (x-2020)

5) Let a, b be the roots of the equation x? — 10cx — 11d =
0 and those ofx2 —10ax —11b =0arec,d. Thena+b+c+d =
@#Eb#c+d)

6) X1, X, v ver en ... X, D€ COMplex numbers to satisfy the following set of
equations
X1+ Xy 4 e Xp ="
XE 4+ X2+ x2=n
3 3 3 _
X7+ x5 4 Xp=n
Xy 4+ Xy 4+ X =n

Then, prove that x; = 1Vi = 1(1)n



Problem Set 15
8.12.23

1)Prove the following version of rearrangement theorem: Let
A1y Ay eeeens a,and by, by, ...... b, be 2 permutations of the

numbers 1,2,......n. Show that
n

Yin+1-i)< iaibis Zn:iz
i=1 i=1

i=1
(Hint: Recall Cauchy-Scwartz inequality)

2)If a, b, c > 0 are sides of a triangle, prove that

a b C
+ + <2
b+c c+a a+b

3)a,b,c > 0,a+ b + ¢ > abc. Prove that a® + b* + ¢*> > abc

(Hint: See what happens if a® + b%> + ¢ < abc, i.e. abc > a?)

(0+B:|x] =0mod 3

4)f(x) =4 1+ p:|x] =1mod3 where [x]| denotes the
|2+ F:|x] =2mod3

o f<3”\/2023)
greatest integer function. If 2 3n

n=1

value of B. (Hint: Write 4/2023 in powers of 3, i.e.,
V2023 =a3"+a, 3" '+...+a.3+ay+a 37 +a 37+ ...

= (), then find

Now, put into fand the summation and see what happens!)



Problem Set 16
15.12.23

1)Let a, b, ¢ be positive reals such that abc = 1. Prove
that
2 2 2

+ + <
(a+1)2+b2+1 B+1)2+c2+1 (c+1D?+a2+1

2)a,b,c € RT,a+ b+ ¢ = abc . Prove that

1 N 1 1 3

a’+1 \/b>+ \/c2

I e
1 2 3 n
i 1 . !
2 3 4 n+1

3)| L 1 1 1 Prove that the sum of

3 4 5 n+2
1 _1 1 I

| n n+1 n+2 2n—1_

entries of the table situated in different rows and
different columns is not less than 1. [Hint: Consider the
table with the entries reciprocal of this table]

4)Let P(x), O(x) be distinct polynomials with real
coefficients such that the sum of the coefficients of each
of the polynomials is s. If

P(x)’ — O(x) = P(x®) — O(x?), then prove that



eP(x) — O(x) = (x — 1)“r(x) for some integera > 1 & a
polynomial r(x) with (1) # 0.

o5 = 3% where a s as given in the previous.

5)Consider an acute angled triangle PQR such that C, I, O
are circumcenter, incenter, orthocenter respectively.
Suppose <QCR, <QIR, <QOR measured in degrees are a,[,y.

1 1 1 1
Show that — + — + — > —.
a [ y 45



Problem Set 17
27.12.23

1) If a, b, ¢ are three positive real numbers, prove that

al+1 b2+1 c2+1
+ + > 3
b+ c c+a a—+b

2) What is the largest positive integer n such that
2 p2 2
a C
+ + >n(a+b+c)?

b c _c a a b
w7t 2T s tay

1 —ix

— =a—ibanda’+ b*>=1,wherea,b € R and
I +ix -

i =4/ —1, then prove that x =
g (1+a)?+b>
NIfz = (3 +40)° + (3 = 40)°, then Im(z) = ?

3) If

3
5) If = a+ ib, wherei =4/—1 and
2+ cosO + isin6

a?+b*=21a—3,theni =27

X
6) If(x+iy)%=a+ib,then <—+%> =7

a
7) Try all the problems of Session 2 Exercise of Skills in
Mathematics for JEE M & A, Algebra, Dr. SK Goyal, Arrant and
come with doubts (but try your best first!!)



Problem Set 18
03.01.24

NIf|z, ] =1,12,] =2,123]1 = 3,19212, + 4232, + 2023 | = 6. find
the value of |z, + 2, + 73|
-2
2) 7; & z, are two complex numbers, such that ————is uni
2-z21%
modular, while |z,| # 1, find |z |.
3)Solve: 22+ |z| =0
4) If the polynomial 7x> + ax + b is divisible by x> — x + 1, find the
value of 2a + b.
5) Find the real part of (1 — i)™
6) If 0 < amp(z) < &, thenamp(z) — amp(—z) = ?

a)z; = 2,
b)Z_1:Z2
Nif |z | =1z |and amp(z;) + amp(z,) = 0, then
JIf |z | = [2,| p(21) p(2,) Oz +2, =0
d)Z_1=Z_2

8) Find the number of solutions of the equation ?24+7=0
9) Find the simplest possible form of

(1 —w+ o> - o*+ o)1 — »* + @d)...upto 2n factors.
1 + sinf + icos0

1 + sin@ — icos@

n
10) If @ € R, then < > = ? In simplest possible

form.

11) If a, 3, y are the cube roots of p(p < 0), then forany x, y, z,
xa+yp+zy
xXp+yr+za

12) If o, ay, -+, a,,_ are the n, nth roots of unity, then find the value

?

n—1

a:
f —.
7 Z:; 2023 —a,




13)Ifn > 3,and 1,0y, o, --+, a,,_; are the n, nth roots of unity, then

ﬁndthevalueofz 2 (e #e?

1<i<j<n—1

O [ 2kn , 2km
14) Find the value of Z [sin{ —— ) —icos | — ]
P 11 11
15) TRY also the Session 4 (whatever covered) in Arihant book.



Problem Set 19
16.01.24

1)If a, b, ¢ are distinct integers, then the minimum value of
|la+bw+cw?| + |a+bw? +cw|=?

2) Prove that the condition

(ab + ab)(b¢ + bc) + (ca — ¢a)? = 0 implies that the

equation az” + bz + ¢ = 0 has one purely imaginary root.
3)

196; * ;.6861;111 0 :0¢e R} . If A contains exactly one positive integer n, then the value of n is
—3icos

Let A={

4)

Let z be a complex number satisfying | z '+ 2z° + 4Z — 8 =0, where Z denotes the complex conjugate of
z . Let the imaginary part of z be nonzero.
Match each entry in List-I to the correct entries in List-I1.

List—I List — 11
®) |z|2 is equal to 1 12
Q |lz— Z|2 is equal to @ 4
®) |z|2 + |z +Z|2 is equal to ®) 8
() |z + 1|2 is equal to @ 10
6 7

The correct option is:

@A E)->0) Q-6 ®->06 O->@
B ®->2 Q-0 ®->03 ©)->0)
© ®->02 Q-@ ®->06) ©O->0
D P)->2 Q-6 ®->06 O->@

1
5) If @ and f are the roots of z + — = 2(cos 6 + sin 0),
<

where 0 < 0 < 7, showthat |a —i| = |f —i]| =\/§



Problem Set 20

Srijan Chattopadhyay
January 30, 2024

. Let complex numbers a and 1 lie on the circles (z—z0)?+(y—y0)? = r? and (z—x0)*+(y—y0)* =
472 respectively. If 29 = xq + iyp satisfies the equation 2|29|? = 7? + 2, then |a| = ?

. If |z| > 3, then determine the least value of |z + 1|.
. If |z + 4| = 2, then find the minimum and maximum values of |z|.

12
ity [k —o]
i loak—1—aap—al”

. For any integer k, let oy, = cos(k%) +i sin(’%’r). Then find the value of

. Let a,b € R and a® +b% # 0. Suppose S = {2z € C:z =
z € S, find locus of z.

gt €RE# 0} If 2 = x4 iy and

. Let 2 be a complex number satisfying |z|?+22?+42z-8 = 0, whereZ denotes the complex conjugate
of z . Let the imaginary part of z be nonzero. [2?=? [z —z]? = ?|z]2 + |2+ 2> =7 |z + 1> =7
. This question paper Q no 13 and 14 in mathematics section.

. This question paper Q no 04 in mathematics section.


https://jeeadv.ac.in/past_qps/2021_2_English.pdf
https://cms.fiitjee.com/Resources/DownloadCentre/Document_Pdf_427.pdf

Problem Set 21

Srijan Chattopadhyay
February 5, 2024

. 21,22, be a sequence of complex numbers defined by z; = i and 2,41 = 22 +i for n > 1.
Then |22024 — Zl| =7

. Consider the two subsets of C, A = {1 : |z| =2} and B = {1 : |z — 1| = 2}. Identify A and B
as geometric figures.

. Find the minimum possible value of |z|? + |z — 3| + |z — 6i|?, where z is a complex number.

a

. Let 0 < a; < ag < --+ < ay, be real numbers. Show that the equation P a;—fr Fo e =
2015 has exactly n real roots.

. Find the values of x,y for which 22 +y? takes the minimum value where (z—5)2+ (y—12)? = 142.

. Page 68 of arihant



Problem Set 22

Srijan Chattopadhyay
March 12, 2024

. Draw graphs of le,_l, ﬁ, xi, 27T for n € N.
. Draw graphs of = and [z], i.e. fractional and integer part of z. Also, ceiling of x.

. Draw graphs of [f(z)] assuming some quadratic function f. Can you generalize this in a visual
way?

. Draw graphs of sinz, cosx, tanx, cosecx, secx, cotx. Also, draw the graphs of their inverse
functions.

. Draw graphs of 2%, e=*, eIl and (1/2)®.

| sin |
sinx *

. Draw graphs of



10.

11.
12.

13.

14.

Problem Set 23

Srijan Chattopadhyay
April 1, 2024

. Let Ay, (respectively By) be the set of all k-tuples (a1, aq, - - , ax) of integers such that 0 < a; < 44

and Ele a; is even (respectively odd). Find |Ay|— | Bg| where |S| denotes the cardinality of the
set S.

On a coordinate plane, there are two regions M and N. M is confined by y > 0,y < x and
y <2 —x and N is determined by the inequalities t <z <t+ 1,0 <t < 1. Find the maximum
common area of M and N.

s [t bl (5]

Find number of distinct integers in the sequence [55:], [535:], (5057 5091

Find number of real roots of f(f(x)) =0, where f(z) = z3 — 3z + 1.

Flnd [Zzo:l m]

A hyperbola H with equation zy = n (where n < 1000) is rotated 45° to obtain the hyperbola
H'. Let the positive difference between the number of lattice points on H and H' be D. Given
that both H and H’ have at least one lattice point. Find the maximum possible value of D.

Let {x,} be a sequence such that 1 = 2,29 = 1 and 2z,, — 31 + p_2 = 0 for n > 2. Find
an expression for x,,.

In how many ways can a man wear 5 rings on the fingers (except the thumb) of one hand? (All
the 5 rings should be utilized).

There are n straight lines in a plane, no two of which are parallel and no three are concurrent.
Their point of intesections are joined. Prove that the number of fresh straight lines introduced
is n(nfl)(n872)(n73) )

A closet has 5 pair of shoes. Find number of ways 4 shoes can be chosen from it so that there
will be no complete pair.

Find last non zero digit of 2024!

P(z) € Z(x). a,b,c are distinct integers such that P(a) = b, P(b) = ¢, P(c) = a. Prove that P
can’t exist.

Souradip and Soumalya go to a dinner party with 4 other couples, each person there shakes hand
with everyone he/she doesn’t know. Later, Souradip does a survey and discovers that everyone
of the nine other attendees shook hands with a different number of people. How many people
did Soumalya shake hannds with?

Suppose X is a finite set of points on the plane, not all on one line. Prove that there is a line
passing through exactly 2 points of X.



10.

11.

12.

13.

14.

15.

Problem Set 24

Srijan Chattopadhyay
April 9, 2024

. Solve the inequality: (“Zl) — (’”—1) — %(”;1) <0,z €eN.

3
9 . 9
Prove that >, _, 2" divides Y, _, a***k.

Let, S = {1,2,---,100}. For every non-empty subset A of S, let m(A) denote the maximum
element of A. Then, find )  m(A), where the summation is taken over al non-empty subsets A
of S.

2<n>+2*<n>

For any positive integer n, let < n > denote the integer nearest to v/n. Find >0 o

S is a finite subset of the set of positive integers. It has the property that whatever ¢, j belong

to S(i # j), then gcid—"(_ijj) also belong to S. Find all such subsets S.

Consider the smallest number in each of the () subsets (of size ) of S = {1,2,--- ,n}. Show

that the arithmetic mean of the numbers so obtained is %

On an island live 13 purple, 15 yellow and 17 maroon chameleons. When two chameleons of
different colors meet, they both change into the third color. Is there a sequence of pairwise
meetings after which all chameleons have the same color?

Calculate Zfio (%52

T

If n is prime greater than 3, then (1 + 2cos 22)(1 + 2 cos 2Z)(1 + 2 cos 87) - -+ (1 4 2 cos 227)

n

Find the minimum value of /22 + 32 —zy + /(1 —2)2 + (2 — y)2 — (1 — 2)(2 — y), where 0 <
x <y.

22 + pry + q = 72,73 + pro + ¢ = 73,73 + pr3 + g = z1. Let p,q be real numbers with a < 8 be
the roots of the equation 22 + (p — 1)z + ¢ = 0. What is the maximum number of solutions of
the system of the equations above where 1,29, z3 € [a, f] is?

You and your friend are playing a game. The game goes as follows: At the start, you are given a
positive number N. You choose a positive factor n of N, where n # N. You compute N —n and
give the result to your friend. Your friend repeats the procedure with the integer she is given
and gives the result to you, and so forth. For example, if you are given N = 12, you can choose
n = 3 and give N —n =9 to your friend. Now N = 9. Play continues in this fashion until one
person is given N = 1 at which point the person (who is given N = 1) loses. Given that you and
your friend will both play optimally, how many positive integers N < 2024 are there such that,
when given at the start you will always win?

Consider all the numbers of the form 14 v2 £+ /3 + --- + v/2024. Prove that when all of the
numbers are multiplied, the product will belong to Z.

w,z,y,z € Nyw? 4+ 22 + 3% + 22 = wry + ryz + wrz + wyz. Prove that there exists a solution
(wo, %0, Yo, 20) such that each of them is greater than 20242024,

Evaluate: >0 _ S~ Zglk (:L) (7;) (Z)



Problem Set 26

Srijan Chattopadhyay
May 22, 2024

1. 7Run” is defined as a consecutive sequence of symbols till another symbol comes. For example,
in AAAAABBBBAA, there are 2 runs of A and 1 run of B. In AAABBBBAAAAABBBBA,
there are 3 runs of A and 2 runs of B. Now, assume there are 2 symbols A and B. R; = number
of runs of A and Ry = number of runs of B. Let R = R; + Ro be the total number of runs.
ny; = total number of symbols A, ny = total number of symbols of B and n = ny + no. Let
Rij,1=1,2,j=1,2,--- ,n; denote respectively the number of runs of type 7, which are of length
j. So, Z?;lj.Rij = ni,zgzl R;; = R;,i = 1,2 For example, in AABBAAB, Ry = Ry = 2,
n; = 4,ne = 3,n =7, R = 4. Now assume that you have observed a totally random sequence
with n1 many A and ns many B. Prove the followings:

(a) i =roorry =1+ 1.

o1~ 1) (n2-1
(b) P(Ri =71,Re=19) = %’ where c=2ifr; =ryand c=1if r, = ry £ 1.
n1
ny—1\(ny—1
(c) P(R=2d) = %
n1
(d) P(R=2d+1) = (=D )+ ()T

(")

o))
(e) P(Rl = Tl) = 1(nll+nz>1
ny
(f) Probability that the r; runs of ny objects of A and ro runs of ny objects of B consists of
exactly r1;,5 =1,--- ,ny and r9;,j = 1,--- ,no runs of length j respectively is

crylry!
2 i
(m:lm) [T H?:l 75!

where c=2ifri =rpandc=1ifr;y =ry £ 1.

(na«#l)rl |

(g8) P(Rij=rij,j=1,---,n1)= W

nq j=1Tij*

(h) Now, let K = length of longest run of A. Take ny = 5,n5 = 6. Find P(K < 5).
(i) In general,

ri1+ ,T1E=T1 na+1
SR n!(" )

(m:lnz) H;L;1 Tij!

k B
where, >0 i =11, Jryy =na, e > Lrn <n—k+ 1 <np+1

P(K=Fk) =)

T1 T11, " 5T1k

2. Let Ay, -+, A, Bi,-- -, By, be finite subsets of N, such that A; N B, = 0, 4; N B; # O for all
i # j. Consider
Q= (U?%Ai) U (U;ilBi)

Now, let us consider a random permutation of Q2. Let E; be the event that elements of A; comes
before elements of B;. Now, prove the followings:

(a) P(E;) = W

[A;]

(b) Prove that atmost one of E; can happen.



(c) Hence prove that,

m

i=1 \ |4

() If [A;| = k,|Bi] =1, m < (*})



10.

11.

Problem Set 27

Srijan Chattopadhyay
May 21, 2024

Let 18 equally spaced points be chosen on the circumference of a circle. How many ways can
these points be connected in pairs such that the resulting 9 segments do not intersect?

. ai,ag, - 0, € Na; > Ve =1,--- | n. Z?:la%_ =K eNM = ajas-an, Plx) = M(z +

DX — (x4 a1)(x + az2) - -+ (¥ + a,). Degree of P(z) is n[n > K]. Prove that P has no positive
roots.

10 candidates participate for olympiad, which is organized around a table. There are 5 versions
of the test and each candidate will receive exactly 1 version. No 2 consecutive candidates will
get same version. How many ways there are to give the questions?

f(x) =k + B when [z] = k mod 3, for k = 0,1,2, where [z] means the greatest integer function
of z. It Y, % V2024) — 0, then find the value of 3.

Prove that for any prime p > 3, the number (2pp:11) — 1 is divisible by p2.

If 21, 29, 23 are non zero complex numbers such that % =14 %, then prove that zq, 2o, 23 lie

z
on a circle passing through the origin. ’

Let f(x) = 2% + ax® + bx + ¢ and g(x) = 23 + bx? + cx + a where a,b,c € Z and ¢ # 0. Suppose

f(1) = 0 and the roots of g(x) = 0 are squares of the roots of f(x) = 0. Find the value of
2024 | 32024 | (2024

2024 g,
i=1 z;—1°

If 21, %o, ..., T2024 are the zeros of P(x) = 20?4 4 20242 — 1, find the value of []

Let a, b, c be roots of the polynomial P(z) = 23 — 42 + 4x + 5. Determine the value of

1—-a® 1-0 1-¢3
+ +
b+c c+a a+b

Let a1, as, as, aq be real numbers satisfying a1 + as +as+a4 = 1. For k = 1,2, 3,4, the following
condition holds:

iL_i

Lo J2 44 k2
=1

Find the value of%—i—%—i—;—g—i—g—g.

Find all functions f : R — R such that

f@®) = fy*) = (@ +y)(f(2) = f(y)
holds for all z,y € R.



Problem Set 28

Srijan Chattopadhyay
June 11, 2024

. x e RYIf |z|z|z|z]]]] =88, |Tz] =7

. Consider the following number : 258145266804692077858261512663. It is the 13 th power of
some natural number. Find the number.

. Determine the number of functions f such that f : {1,2,--- 1999} — {2000,2001, 2002, 2003}
and satisfies the condition f(1) + f(2) +--- 4+ f(1999) is odd.

. Find all functions f : R — R such that |f(z) — f(y)| < (x — y)? Vz,y € R.

. An ant is moving in a co-ordinate plane in the following manner : it starts at (6,0) and in
each step, it rotates by 60° anticlockwise about the origin and moves 7 units towards positive X
direction. If (p,q) be the position of the ant after 2024 moves, find p? + ¢>.

. A positive integer is called CORONA if its digits are non-decreasing from left to right (for
example, 1123445) is CORONA. Prove that Vn € N,3 an n digit natural number which is
CORONA and perfect square also.

. Let A be the set of all functions f : R — R such that f(xy) = zf(y) for all z,y € R. If
f € A, then show that f(z +y) = f(z) + f(y) for all z,y € R. For g,h € A, define a function
goh(x) = g(h(z)) for all z € R. Prove that go h is in A and equal to ho g.

. ai,as, - ,ay are real numbers either +1 or —1. Prove that

2sin(a1+a12a2 +alg§a3+---+w>z:al\/2+a2\/2+a3\/---+an\/§

. Try the problems listed here.



https://ghoshadi.wordpress.com/wp-content/uploads/2019/05/calculus-day-1.pdf
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11.

12.

Problem Set 29

Srijan Chattopadhyay
August 18, 2024

. Start exploring the Calculus book of the Arihant JEE series, look at the chapter named

“Function”, “Limit” etc and solve the sessions, exercises and come with doubts. You
should be done with most of the problems of all the books under Arihant Series
before you sit the entrance. Also, since most of the chapters are completed by now,
start exploring previous year ISI, CMI, JEE advanced questions from now.

Xo, X1, € (0,1). Xp41 =aX,+ (1 —a)X,—1Vn > 1. Prove that, {X,} converges and find
the limit.

If f:R — R satisfies f(x +y) = f(z) + f(y) and f is monotonically increasing. Then, prove
that Ja such that f(z) = ax Vz € R.

Algorithm to Compute /o, > 0: Start with any z; > y/a. Define x,11 = %(mn + 2).
Show that {z,} is monotonically decreasing and hence find the limit of {xz,}.

Consider the following 4 sets: A = {(z,y) : 22 —y* = 7 B=A{(zy) : 2zy+ 2z =3}, C =
{(z,y) : 2% = 3zy? + 3y = 1}, D = {(z,y) : 32%y — 3z — y®> = 0}. Prove that ANB =CnND.

f(x) = k+ B if [z] = k mod 3, where k € {0,1,2}. If Y200 | B2 — o Rind the value of 5.

Prove that for any prime p > 3, the number (2;_ 1) — 1 is divisible by p2.

. For sets A,B, let f : A — B and g : B — A be functions such that f(g(z)) = « for each z.

Prove that :

e f need not be one one

f must be onto
e g must be one one
e g need not to be onto.

T1Yn+2T2Yn—1++Tny1
n

Let 0 < a < 21 < 29 <b. Define z,, = \/Tp_1Zn—2 for n > 3. Show that a < z,, < b and
[Tpt1 — n| < aLJ,-bL(E" — &y—1]| for n > 2. Prove {x,} is convergent.

Let x,, = = and y,, — y. Then, prove that — xy.

Let 0 < y; < x1. Define z,1 = % and Yp+1 = \/Tnln, for n € N. Prove that:

e {y,} is increasing and bounded above while {z,} is decreasing and bounded below.
0 0< Xpy1 —Ynt1 <27 "(x1 —y1) forn e N.

e Prove that z,, and y, converge to the same limit.

Euler’s Constant: Let

n

=

k=1

ognfsz/ tldt

e Show that -, is a decreasing sequence.
e Show that 0 < v, <1 for all n.

w\r—



13.

14.

15.

16.

e [im, exists and is denoted by . The real real number ~ is called the Euler’s constant.

o0 oo mzn
Evaluate >~ °_ > ™| T a I

Find the value of 3372, > ZZO:O#J»#CW’ where the sum is taken over i, j, k such that no

two of them can be equal.

Let S,,n = 1,2,3,--- be the sum of infinite geometric series, whose first term is n and the
common ratio is n-lu' Evaluate

lim S18n + 52501+ 5352+ -+ 5,51
t, = %, = 22:1 t,. Find an explicit expression of S,..



Problem Set 30

Srijan Chattopadhyay
September 1, 2024

1. Find the following limits (if exists):

(x—sin )
3

o [im
x—0

(e”—1—2x)

e lim 5
x

z—0

. lim(%)l/z,a,b,c >0
z—0

o lim((z +a)(z+b)(z+c)'/? -z

z—0

2. f: R — R satistying |f(z) — f(y)| < Alz — y| for all 2,y € R for some A > 0. Prove that f is
continuous (This is called Lipschitz continuous).

3. Find all f:R — R satisfying | f(z) — f(y)| < Mz — y)? for all z,y € R for some A > 0.
4. f(z) =zsin(l/z) if x # 0 and = 0 if z = 0. Prove that z is continuous.

5. Can you find minimum value of r such that if f(z) = xsin(1/z) if z # 0 and = 0 if z = 0, then
f is at least once differentiable?

|0, forzxeq@
f(x)_{ 1, forze@° }
@ is the set of all rational numbers. Find all continuity points of f (This function is called
Dirichlet Function).

7. Can there exist any continuous f : R — R which is rational on irrational points and irrational
on rational points?

8. f:R — R and Ja € (0,1) such that |f(x) — f(y)| < alx — y|. Prove that f has a unique fixed
point. (A point z is called a fixed point of f is f(z) = z).

NeJ

. f,9 :10,1] — [0,1] are continuous functions such that f(g(z)) = g(f(x)) for all x € R. Show
that Je € [0, 1] such that f(c) = g(c).

10. All Sessions and Exercises of Limits and Functions chapters of Calculus book of Arihant.



Problem Set 31

Srijan Chattopadhyay
September 16, 2024

. How many integral solutions are there to z +y + 2+t =29, when x > 1,y > 1,2 > 3,£ > 07

. If there are [ objects of one kind, m objects of 2nd kind, n objects of third kind and so on, prove
that the number of ways of choosing r objects from the [ +m 4+ n 4+ --- objects is the coefficient
of 2" in the expansion of (1 +z+ 22+ -+ 21 +x+ - +2™)(1+z+---+2")---

. There are n straight lines in a plane such that n; of them are parallel in one direction, ns of them
in different direction and so on, ny are parallel in another direction such that ny +---+ng = n.
Also, no three of the given lines meet at a point. Prove that the total number of points of

intersection is 3 (n* — Zle n?).

. Given a € C, define a function p as p(z) = 2=£ for |z| < 1. Assume |a| < 1. Then,

1-az

(a) Show that, |z] =1 = |p(z)] =1and |z]| <1 = |p(2)]| < 1.
(b) Is p bijective? If so, what will be its inverse?
(¢) Show that 3 a unique Zy € C such that |Zy| < 1 and p(Zy) = Zo

. Suppose that a function f is continuous on the interval [a, b] and differentiable on (a,b). If the

graph of f is not a line segment, prove that there exists a point ¢ € (a,b) such that |f'(¢)| >
|f(b})):£(a)|



10.

Problem Set 32

Srijan Chattopadhyay
October 2, 2024

. Let f be a twice differentiable function on the open interval (—1, 1) such that f(0) = 1. Suppose

f also satisfies f(x) >0, f/(z) <0 and f”(x) < f(z), for all z > 0. Show that f/(0) > —/2.
Find the limit

sintanx — tansinx

lim

r—0 arcsin arctan x — arctan arcsin x
Calculate the 100th derivative of the function
241
3 —x

Let f : N — N be a bijection of the positive integers. Prove that at least one of the following
limits is true:

| SRS
li — =00 li )=
(Caution!!! Hard Problem, try after solving the rest easy problems!!)

Let f : R — R be a differentiable function such that f/'(z) > f(z) > 0 for all real numbers z.
Show that f(8) > 2024(0).

Evaluate
1/2 1/4 1/8 1/16

+ +
1+vV2 1+v2 1+x8/§ 1+ Rf

Prove that for any function f : Q — Z, there exist a,b,c € Q such that a < b < ¢, f(b) > f(a)

and f(b) > f(c).

Define the sequence 1,2, ... by the initial terms x1 = 2, x5 = 4, and the recurrence relation

n

Tpyo = 3Tpy1 — 22, + — for n>1.
n

Prove that lim,,_, o 22 exists and satisfies

271
1—|—\[< T

<

l\D\CAD

n—)oo ?
(Caution!!! A bit on the harder side)

Let x1 = 2021, 22 — 2(x,, + 1)z 41 + 2021 = 0 (n > 1). Prove that the sequence x,, converges.
Find the limit lim,,_, x, (Can be a bit tricky to handle)

Let f: R — R be a continuously differentiable function. Prove that

‘ /fdac

(You can do it with existing knowledge of integration!)

1
<5 max |f'(z)].




Problem Set 33

Srijan Chattopadhyay
October 21, 2024

. Let 0 < a < 1. Find all functions f : R — R continuous at = 0 such that f(z) + f(ax) =
z, Vo € R.

. How many ordered pairs of real numbers (a, b) satisfy equality lim,_,o % = %?
. What is the largest amount of complex z solutions a system can have? |z —1||z +1] = 1

Im(z) = b? (where b is a real constant)

. (*) For a given integer n > 1, let f:[0,1] — R be a non-decreasing function. Prove that

/01 F@)dz < (n+1) /01 o f(2)da.

.Forn=1,2,... let

S, = log ( VT 22 n”) —log(v/n),
where log denotes the natural logarithm. Find lim,, ;o Sp.

. Let V be the set of all continuous functions f: [0,1] — R, differentiable on (0,1), with the
property that f(0) = 0 and f(1) = 1. Determine all @ € R such that for every f € V, there
exists some £ € (0,1) such that



10.

Problem Set 34

Srijan Chattopadhyay
October 29, 2024

. Let f : R — R be a function whose second derivative is continuous. Suppose that f and f” are

bounded. Show that f is also bounded.

Let m,n be integers such that n > m > 1. Prove that W(fn) is an integer. Here gcd
denotes greatest common divisor and (7’;) = Wlm), denotes the binomial coefficient.

Prove that there is no function f : N — N such that f(f(n)) = n + 1. Here N is the positive
integers {1,2,3,...}.

. Find the maxi-

L4H1/841/5441/(n=1) g p _ 1/241/441/6+-+1/(2n)

For n € N, define a,, = ]
mum and minimum of a,, — b, for 1 < n < 999.

. Calculate the exact value of the series Y -, log(n® + 1) — log(n® — 1) and provide justification.

Give all possible representations of 2022 as a sum of at least two consecutive positive integers
and prove that these are the only representations.

1\7\ "
lim <(1 + 5) )
n— 00 e

A real-valued function f defined in (a,b) is said to be convex if

fAz+ (1 =Ny) <Af(2)+ (1 =) f(y)

whenever a < x < b,a <y <b, 0 <A <1.

Find the limit

e Prove that every convex function is continuous.
e Prove that every increasing convex function of a convex function is convex.
o If fis convex in (a,b) and if a < s <t < u < b, show that

F(t) = fls) _ flw) = f(s) _ flw) = F(8)

t—s U— S u—t

e Let f: (a,b) — R such that f” exists on (a,b). Then f is convex iff f”(x) > 0 Vx € (a,b).

Consider the following number: 258145266804692077858261512663. It is the 13th power of some
natural number. Find the number.

Practice objectives from Arihant calculus book. Will take a class test only on objectives (UGA)
of whole syllabus very soon.
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. f [0 1] — R differentiable on (0, 1), such that Ja,b € (() 1) such that foa de — 0 and
[} f(a)dz = 0. Also, | f'(x)| < M Va € (0,1). Prove that | [, f(z)dz| < M

e First prove that, |f0 x)dz| < M(l M(1-a) [Hint: Use MVT and a substitution to use fo dz =
0, Think how you can transform the interval (0,1) to (0,a)].

e Then, prove that | fo z)dz| < M [Hint: Again use MVT and a substitution to use

fb x)dz = 0, Think how you can transform the interval (0, 1) to (b, 1)]

Show that there doesn’t exist any increasing differentiable function f : R — R* such that

f(f(@)) = f'(z)

Determine all continuous functions f : [0,1] — R that satisfy fo z)(1 = f(z))de = &

Let f(x fo |t — z|tdt Vo € R. Sketch the graph of f(z). What is the minimum value of f(z).

flz) = f;“ sin(u?)du, find lim f(z), if it exists.
T—r00
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1. Find all positive integers a, b, ¢, d, and n satisfying n® + n® + n® = n? and prove that these are
the only such solutions.

2. Suppose A is a singular matrix of order 3 with complex entries all of which having absolute value
1. Show that two rows or two columns of the matrix A are proportional.

3. Let f : R — R be a continuous function satisfying f3(x) = z. Prove that f?(z) = .

4. Find
(a) lim ged(1,6) + ged(2,6) + - - - + ged(n, 6)

. lem(1,6) +1em(2,6) + - - - + lem(n, 6)
b) 1
(b) Jim 1+2+-+n

5. The sequence {g,(x)} of polynomials is defined by
q(z) =14z, gz)=1+2z
and for m > 1 by
Gm+1(2) = qam(x) + (m + 1)2q2m 1 (),
G2m+2() = qem+1(z) + (M + 1)2gam ().
Let x, be the largest real solution of g,(x) = 0. Prove that
(a) the sequence {z,} is increasing.

(b) Tom42 > —ﬁ for m > 1.

(c) the sequence {z,} converges to 0.

6. Let the positive integers a, b, ¢ be such that a > b > ¢ and (a® —b* — ¢®)(z —2) > 0 for all z # 2.
Show that a, b, ¢ are sides of a right-angled triangle.

7. Let f:[0,1] — R be a differentiable function such that f’ is continuous and

(a) Show that there exists 1 in (0,1) such that
1

=1.
f'(@1)
(b) Show that there exist distinct x1, 22 in (0,1) such that
1 1
+ =2
fr@y) o f(@2)
(¢) Show that for a positive integer n, there exist distinct @1, 32, ..., 2, in (0,1) such that

21
;f,(zi) =n.



10.

11.
12.

13.

14.

15.

Let P, denote the collection of polynomials of degree n such that the polynomial and all its
derivatives have integer roots.

(a) Find a polynomial in Py having at least two distinct roots.
(b) Find a polynomial in P3 having at least two distinct roots.

(¢) For any polynomial P in P, show that the arithmetic mean of all roots of P is also an
integer.

Let f(z) € Z[z] be a polynomial with integer coefficients such that f(1) = —1, f(4) = 2 and
f(8) = 34. Suppose n € Z is an integer such that f(n) = n? — 4n — 18. Determine all possible
values for n.

. e o] n?—2n—4
Find >0 7, nitAn2+16"

1+n_3

Define a sequence (a,,) for n > 1 by a3 =2 and a,4+1 = a, s limy, o0 ap < 007

Let P(x) = 210 4+202% +1982% +ag729"+. . .+ a2+ 1 be a polynomial where the a; (1 < i < 97)
are real numbers. Prove that the equation P(x) = 0 has at least one nonreal root.

Find limg_, o ((2;,;)1+i _ gl _ m)

. o 2_
Find )77, ﬁ

A sequence (ay,) is defined by ap = —1,a; =0, and a1 = a2 — (n+1)%a,,_1 — 1 for all positive
integers n. Find aqqg-
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. Suppose that f:[—1,1] — R is continuous and satisfies

(/_11 e””f(x)dx)Q > (/_llf(x)dx) (/_11 e%f(x)dx).

Prove that there exists a point ¢ € (—1,1) such that f(c) = 0. [You can assume CS inequality
for integrals.]

. Let f and g be two continuous, distinct functions from [0, 1] — (0, +00) such that

i flz)dz = [ g(a)da
Let

Yn = 01 f;:(lg) dz, for n > 0, natural.

Prove that (y,) is an increasing and divergent sequence.

. Determine all triples (k,m,n) of positive integers satisfying

El'+m! = klnl.

. Let w # 1 be a 13th root of unity. Find the remainder when

12

H (2 — 2wk + w%)

k=0
is divided by 1000.
. Real numbers z and y with z,y > 1 satisty log, (y*) = logy(x4y) = 10. What is the value of xy?
. Find the largest possible real part of

96 + 1444

(75 +117i)z + ——

where z is a complex number with |z| = 4.
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True False
1. Define the right derivative of a function f at x = a to be the following limit if it exists:

i f@t ) = (@

3 Y . where h — 0" means h approaches 0 through positive values.
h—0

Statements:

a) If f is differentiable at © = a, then f has a right derivative at x = a.

(a)

(b) f(z) = |x| has a right derivative at x = 0.

(c¢) If f has a right derivative at = a, then f is continuous at x = a.
)

(d) If f is continuous at = a, then f has a right derivative at = a.

2. Suppose a rectangle EBF' D is given and a rhombus ABC'D is inscribed in it such that the point
Aisonside ED of the rectangle. The diagonals of ABC'D intersect at point G. See the indicative
figure below.

Statements:

(a) Triangles ACGD and ADF B must be similar.

(b) It must be true that 45 = £ZE,

(¢) Triangle ACGD cannot be similar to triangle AAEB.
)

(d) For any given rectangle EBF D, a thombus ABCD as described above can be constructed.

a

3. This question is about complex numbers.
Statements:

(a) The complex number €3 lies in the third quadrant.

(b) If |21] — |22] = |21 + 22| for some complex numbers z; and zs, then zo must be 0.

(c) For distinct complex numbers z; and z, the equation |(z — 21)?| = |(z — 22)?| has at most
4 solutions.

(d) For each nonzero complex number z, there are more than 100 numbers w such that w?0?3 =

z.
4. Statements:

(a) lim,_ el/* = 4o0.

: Inx . Inx
(b) limg oo 2100 < limg_se0 217100

(c) For any positive integer n,

" 2023 n
d —.
[nx cos(nz) dr < 5023

(d) There is no polynomial p(x) for which there is a single line that is tangent to the graph of
p(x) at exactly 100 points.



5. Statements:

(a) 4 < /5 +5V5.
(b) log, 11 < 11198201
(c) (2023)2023 < (2023')
(d) 92100 4 93100 < 94100,
6. For a sequence a; of real numbers, we say that Y a; converges if lim, (Z?:l a;) is finite. In
this question, all a; > 0.

Statements:

(a) If > a; converges, then a; — 0 as i — oo.

(b) If a; < 1 for all i, then )" a; converges.
) If 3" a; converges, then > (—1)%a; also converges.
)

(c

(d) If Y~ a; does not converge, then ), tan(a;) cannot converge.
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UGA

. The number of positive divisors of 224 — 1 is: (A) 192 (B) 48 (C) 96 (D) 24.

. The equation Re(2?) = 0 represents: (A) a circle (B) a pair of straight lines (C) an ellipse

(D) a parabola.
a 2

If A= 9 o and det(A3) = 125, then the values of « are: (A) +1 (B) £2 (C) £3
(D) +5.
Let A, B, C be three non-collinear points in a plane. The number of points at a distance 1 from

A, 2 from B, and 3 from C'is: (A) exactly 1 (B) at most 1 (C) at most 2 (D) always
0.

Let A= {z €[-2,3] : cosz > 0}. Then: (A) inf A=0 (B)supA=m7 (C)inf A= —m/2
(D) supA = 3.

Let {a,} be a sequence of real numbers such that |a,+1 — an| < %kln — ap—1|, Yn. Then the
sequence {a,} is: (A) not Cauchy (B) Cauchy but not convergent (C) convergent (D)
not bounded.

Let f: R — R be a continuous function and F' be a primitive of f (i.e., ' = f). If 322F(x) =
f(z) for all z € R, then f(z) =: (A) e’ (B) 322¢*” (©) 22"’ (D) e’
1x2-2x3+3x4—4x5+---—2022x 2023 = (A) (—2)(1011)(1012)  (B) —(1011)(1012)
(C) (—4)(1011)(1012) (D) 2(1011)(1012).

The number of times the digit 7 is written while listing all integers from 1 to 100,000 is: (A) 10%
(B) 5(10)* — 1 (C) 10° (D) 5(10)*.

10. The differential equation y'?> — (z + sinz)y’ + zsinx = 0, with y(0) = 0, has: (A) a unique
solution (B) two solutions (C) no solution (D) four solutions.
UGB

1. Consider f(z) = z|x?|, where |2?] is the greatest integer less than or equal to z%. Find the area
of the region above the X-axis and below f(x) for 1 <z < 10.

2. In how many ways can numbers from 1 to 100 be arranged in a circle such that the sum of each
pair of integers placed opposite each other is the same? (Arrangements are equivalent up to
rotation.)

3. Find all triplets (x,y, ) of integers satisfying:

2P+ 22 =16(z+y+ 2).
4. Suppose A is a singular matrix of order 3 with complex entries, all of which have absolute value

1. Show that two rows or two columns of the matrix A are proportional.



5. Let f : R — R be a continuous function satisfying f?(x) = x. Prove that f?(z) = .
6. Let a,b,c be real numbers such that a? 4 b? + ¢? = 4.

(a) Find the determinant of the matrix:

a+b b+c c+a
A=|b+c c+a a+bd
c+a a+b b+e

(b) Find the maximum and minimum values of the determinant of A.

7. For every t € R, let L; be the line segment joining (0,1) and (¢,0). Suppose L; intersects the
parabola y = x2 at the point P,. Define f : R — R as the y-coordinate of P,. Answer the
following with justification:

(a) Is f(t) continuous?

(b) Is f(t) bounded?

(¢) Find lim;_, f(¥).

(d) Is f(t) differentiable at ¢t = 07?

8. The sequence {g,(x)} of polynomials is defined as follows:
ql(x):]-—’_xv CI2($):1+2~T7

Gm+1(T) = qam () + (m + 1)zgam—1(x),
Gam+2(T) = qam+1(x) + (m + 1)xgam (z),

for m > 1. Let x,, be the largest real root of ¢,(z) = 0. Prove that:

(a) The sequence {z,} is increasing,.
(b) zomia > fﬁ for m > 1.

(¢) The sequence {z,} converges to 0.
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. Let A(t) denote the area bounded by the curve y = e~ 1#l, the X-axis, and the straight lines
x = —t, x =t, then limy_, o, A(t) is
(A)2 (B)1 (C)3 (D)e

2

. How many triples of real numbers (z,y, z) are common solutions of the equations z +y = 2,
xy — 22 =17
(A)O (B)1 (C)2 (D) infinitely many.

. For non-negative integers z, y, the function f(z,y) satisfies the relations f(z,0) = z and f(x,y+

1) = f(f(x,y),y). Then which of the following is the largest?
(A) f(10,15) (B) f(12,13) (C) f(13,12) (D) f(14,11).

. Suppose p,q,r, s are 1,2, 3,4 in some order. Let

1
xTr =
P+

a+ T

We choose p, q, 7, s so that x is as large as possible, then s is
(Al (B)y2 (C)3 (D)4.

. Let

3x+22 <0

xTr) =
f(@) {x3—+—x2 x>0
Then f”(0) is
(A)O (B)2 (C)3 (D) None of these.
. There are 8 teams in the pro-kabaddi league. Each team plays against every other exactly once.
Suppose every game results in a win, that is, there is no draw. Let wy, ws, ..., wg be the number
of wins and I, [, ...,Ils be the number of losses by teams T, T5, ..., g, then

wi+ - +wi=49+ 2+ +13).

. The remainder when m + n is divided by 12 is 8, and the remainder when m — n is divided by
12 is 6. If m > n, then the remainder when mn is divided by 6 is:



8.

10.

11.

12.

13.

14.

15.

16.

17.

Let

1 2 .oon
n+1 n+2 .. 2n

A:
m—1n+1 (n—1)n+2 ... n?

Select any entry and call it z;. Delete the row and column containing z; to get an (n — 1) x
(n — 1) matrix. Then select any entry from the remaining entries and call it zo. Delete the
row and column containing xs to get an (n — 2) x (n — 2) matrix. Perform n such steps. Then
x1+ 2o+ -+ T, iS:

(a) n
n(n+1
(b) 5
C) n(n2+1)
)

(c) =5
(d) None of these.

The maximum of the areas of the rectangles inscribed in the region bounded by the curve
y =3 — 22 and the X-axis is:

(a)
(b)
()
(d)

N W = e

How many factors of 223652 are perfect squares?

How many 15-digit palindromes are there in each of which the product of the non-zero digits is
36 and the sum of the digits is equal to 15?7

Let H be a finite set of distinct positive integers none of which has a prime factor greater than 3.
Show that the sum of the reciprocals of the elements of H is smaller than 3. Find two different
such sets with sum of the reciprocals equal to 2.5.

Let A be an n x n matrix with real entries such that each row sum is equal to one. Find the sum
of all entries of A2915,

Let A be an n X n matrix with real entries such that each row sum is equal to one. Find the sum
of all entries of A2915,

Let f : R — R be a differentiable function such that f(0) =0, f'(z) > f(z) for all z € R. Prove
that f(z) > 0 for all x > 0.

Give an example of a function which is continuous on [0, 1], differentiable on (0,1), and not
differentiable at the end points. Justify.

There are some marbles in a bowl. A, B, and C take turns removing one or two marbles from
the bowl, with A going first, then B, then C, then A again, and so on. The player who takes the
last marble from the bowl is the loser, and the other two players are the winners. If the game
starts with N marbles in the bowl, for what values of N can B and C work together and force A
to lose?



18.

19.

20.

Let f : R — R be a function such that f/(0) exists. Suppose a,, # 3, Vn € N and both sequences
{a,} and {B,} converge to zero. Define

f(Bn) — flan)

D, =
ﬁn_an

Prove that li_>m D,, = f(0) under EACH of the following conditions:

(a) a, <0< B, VneN.
(b) 0 < ay, < By, and Bo__ < M, Vn €N, for some M > 0.

Bn—an —

(¢) f'(x) exists and is continuous for all z € (—1,1).

Let f(z) = 2°. For z; > 0, let Py = (z1, f(x1)). Draw a tangent at the point P; and let it meet
the graph again at point P,. Then draw a tangent at P» and so on. Show that the ratio

A(APyPyy1 Pos)
A(AP, 1Py 2Pry3)

is constant.

Let p(z) be a polynomial with positive integer coefficients. You can ask the question: What
is p(n) for any positive integer n? What is the minimum number of questions to be asked to
determine p(z) completely? Justify.
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1. Let z,w be two complex numbers such that Zw # 1. Prove that

w—z
<1
1—wz
if |z] <1 and |w| < 1 and also
w2y
1—-wz

if |z =1 and |w| = 1.

2. Prove that for a fixed w in the unit disc D, the mapping

w—z

F:z—

1—wz

satisfies the following :

e F maps the unit disc to itself.

e F interchanges 0 and w, namely F(0) = w and F(w) = 0.
o |[F(z)|=11if|z] =1.

e [': D — D is bijective.

3. Let f: C — C be such that f(z) = e*. Prove that f is neither one-to-one nor onto. Find a subset
S on which f is one-to-one. Can you make this subset large so that it still remains one-to-one?
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. Consider a function f : [0,1] — [0, 1] satisfying the following property |f(x) — f(y)| < |z — y|
for all z,y € X,z # y. Show that f has a fixed point. Is the fixed point unique? [Hint : Define
d(xz) = |x — f(x)|. Suppose inf, d(z) > € > 0. Assume Iz such that the infimum is attained.
(Can you prove this? You can skip if you can’t!). Then, use the property of f to arrive at a
contradiction.]

. Let p(z) = 2% — 22271 4+ 32272 — 42*"73 + ... — 2nx + (2n + 1) Show that the polynomial
p(z) has no real root.

. Let f: R — R be a function given by
x? ifze@Q
flz) = .
bx—6 ifz¢Q.
Find continuity points of f.

. Show that the polynomial equation with real coefficients a,z"+a,_12" '+ - -+azz3+2?+2+1 =
0 cannot have all real roots.

. Assume that f: R — R is a continuous, one-to-one function. If there exists a positive integer n
such that f"(x) = x, for every = € R, then prove that either f(z) =z or f?(x) = . (Note that

fr@) = f(fH(@)).)

. Consider f(x) = %3 + %2 + % + 1. Prove that f(x) is an integer whenever x is an integer.
Determine with justification, conditions on real numbers a, b, ¢ and d so that ax® + bx? + cx +d
is an integer for all integers x.

. Let A and B be finite subsets of the set of integers. Show that
|A+ B| > |A|+|B| — 1.

When does equality hold? (Here A+ B={z+y:2z € A, y € B}. Also, |S| denotes the number
of elements in the set S.)
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. (a) Show that there does not exist a function f : (0,00) — (0, 00) such that

1" (x) <0 for all x and f'(zg) < 0 for some z.

(b) Let k > 2 be any integer. Show that there does not exist an infinitely differentiable function
f:(0,00) = (0,00) such that

FH)(z) <0 for all z and f*~V(zq) < 0 for some .
Here, f*) denotes the k' derivative of f.

. Let f: R — R be a function. Can you put appropriate conditions on f, so that f restricted to
(a,b),—00 < a < b < oo can’t attain it’s maximum and minimum inside (a, b)?

. Let a,b€Z and b > 0. Let f: [—1,1] — R be defined by
_ Jaosin(@7t) ifx#£0
fle) = {0 if 2 =0
Prove that
(a) f is continuous if and only if a > 0.
(b) f
(c) f’is bounded if and only if a > 1+ b.
(d) r

'(0) exists if and only if a > 1.

"is continuous if and only if @ > 1 + b.

. Let f:(0,1] — R be a differentiable function with f’ bounded on (0, 1]. Define

an:f(i>, n>1.

Show that {a,} is a convergent sequence.

. Let f be a thrice differentiable function on (0, 1) such that f(z) > 0 for all z € (0,1). If f(z) =0
for at least two values of z € (0,1), prove that f"/(c) = 0 for some c € (0,1).

. Suppose that f : R — R is a continuous function and that f(x + 1) — f(z) converges to 0 as
x — 00. Then show that

f(z)

X

—0 asz — oo.
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. A rectangle HOM FE has sides HO = 11 and OM = 5. A triangle ABC has H as the intersection
of the altitudes, O the center of the circumscribed circle, M the midpoint of BC, and E the foot
of the altitude from A. What is the length of BC?

. Let a1,...,a, > 0, not all zero. Show that the equation

1 2

" —ax" " —ax" - —a, =0

b

has a unique positive real root. Moreover, if r be that root, then show that r° > a® where

a=3"_jajand b=3"7 | ja;.

. Let f : [0,1] — R be a real-valued continuous function which is differentiable on (0, 1) and
satisfies f(0) = 0. Suppose that there exists a constant ¢ € (0,1) such that

|f (2)] < c|f(x)| for every x € (0,1).
Show that f(z) =0 for all z € [0,1].

. Let n > 3 be an integer. Let t1,1%s,...,t, be positive real numbers such that
) 11 1
n*+1>t +to+-+t) | —+—++— ).
t1 to tn
Show that ¢;,t;, ¢, are side lengths of a triangle for all 7, j,k with 1 <i < j <k <n.

. Let n be a positive integer. A sequence of n positive integers (not necessarily distinct) is called
full if it satisfies the following condition: for each positive integer k > 2, if the number k appears
in the sequence then so does the number k£ — 1, and moreover the first occurrence of kK — 1 comes
before the last occurrence of k. How many full sequences of length n are there?

1

. Let a,b be real roots in (0, 5) and f: R — R be a continuous function satisfying

f(f(z)) = af(x) + bz for every x € R.
Show that f(0) = 0.
. If & be a root of the equation
a2V a2+ ag=0
where ag,a1,...,a,_1 € C, then show that

o] <14+ max |agl.
0<k<n—1

. Let ABC be a triangle with incircle w touching BC at D, let DX be a diameter of the incircle
w. If ZBXC = 90°, show that
5a =3(b+c¢)

where a, b, ¢ are lengths of BC', C'A and AB, respectively.



9. Suppose that S is the set of all 100-digit natural numbers that are formed using the digits
1,2,...,7 only. For n € N, let g(n) denote the product of the digits of n. Determine

> g(n).

nes

10. Let f be continuous, non-negative, and assume that

/Ooof(m)dx < 00.

Then show that
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1. f:]0,1] — R is such that f(z) = 1/2 on [0,1/2) and f(z) = 1 on [1/2,1]. In particular, f is
not continuous at 1/2. (You possibly know that a function which is discontinuous at finitely (in
fact, countably) many points is riemann integrable?) Find the Riemann Integral of f. Call that

R(f). Now define

L(f) = G (1/2) + LI (1)

where [(I) is the length of the interval I and f~!(c) is the set which maps to ¢ by f. Prove that
L(f) = R(f). In fact, you can create such step functions which are discrete at finitely many
points, show that for those also the notions of integrals match.

Note: At this step, you can’t go beyond this. But this concept of length (1) can be generalized for
almost all sets in R. Then you don’t need a step function anymore to define L in a similar way. In
fact it can be proved that almost all functions can be approximated pointwise by functions which
take only finitely many values. Proof of that is not difficult and hence given in CT10, some of
you even proved that in the exam as well. Then L(f) is defined in terms of those approximating
functions that take finitely many values in the range.

2. Prove that there exist 100 consecutive natural numbers such that exactly 3 of them are prime.
[Hint: Use Discrete IVT]

1
3. If f:]0,1] — R is a continuous function, prove that le n (f f(x)x"dx> = f(1).
n o0 0

4. (From CT3) Let p be a prime and m be a positive integer for which m < p and suppose decimal
expansion of % has period 2k for some positive integer k.

™ 0.ABABABABABAB---
p

where A, B are 2 distinct blocks of k digits, prove that A + B = 10* — 1.
5. (From CT5) Determine all continuous functions f: R\ {1} — R that satisfy
f(a) = (z +1)f(?),
for all z e R\ {-1,1}.

6. (From CT5) Consider the set of integers {1,2,......... ,100}. Let {z1, 22, ......... , 100} be some
arbitrary arrangement of the integers {1,2, ......... , 100}, where all of the x; are different. Find the
smallest possible value of the sum S = |x2 — z1]+|23 — Ta|+cveeeveenneene +|z100 — Z99|+|T1 — Z100]-

7. (From CT6) Recall that the decimal expansion of a real number z is I.dydy--- if ¢ = I +
>0 ,107"d, for some I € Z and dy,dy--- € {0,1,---,9}. Prove that for z, the decimal
expansion [.dids--- is not unique if and only if either d,, = 0 for all but finitely many n’s or
d, =9 for all but finitely many n’s.

8. (From CT6) For any positive integer n, define f(n) to be the smallest positive integer that does
not divide n. For example, f(1) = 2, f(6) = 4. Prove that for any positive integer n, either

f(f(n)) or f(f(f(n))) must be equal to 2.



9. (From CT6) For any finite set X, let |X| denote the number of elements in X. Define

where the sum is taken over all ordered pairs (A, B) such that A and B are subsets of {1,2,3,...,n}
with |A| = |B|. For example, So = 4 because the sum is taken over the pairs of subsets

(4, B) € {(0,0), ({1}, {1}), ({1}, {2}), ({2}, {1}), ({2}, {2}), ({1, 2}, {1,2})},

giving So =04+14+04+0+1+2=4. Let 52022 = f; where p and ¢ are relatively prime positive
integers. Find the remainder when p + ¢ is d1v1ded by 1000.



